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Steady and Unsteady compressible Reduced-Order Models of a
Zero-Net Mass-Flux Synthetic Jet Actuator
R. Messahel and Y. Bury and J. Bodart and N. Doué
Institut Supérieur de l’Aéronautique et de l’Espace (ISAE-SUPAERO), Université de Toulouse, 31055 TOULOUSE
Cedex 4
In the framework of an optimization study of a Zero-Net-Mass-Flux fluidic, synthetic jet ac-
tuator, based on a multi-objective optimization formulation, the consideration of optimization
parameters such as the actuator location and the outlet design implies a re-meshing procedure
that adds complexity. It is still the case even if the actuator is modeled with simple boundary
conditions at the jet orifice exit since, locally, the re-mesh is still required. This strongly im-
pacts the global computational cost, in particular if the considered geometry is complex. In
a previous study, we proposed an alternative method to model Zero-Net Mass Flux synthetic
jet actuators through the implementation of volumetric reduced-order models (ROM) as addi-
tional source terms. The previous reduced-order model consisted in a simplified ROM model
where a constant-in-space momentum quantity was imposed in the ROM formulation and the
compressible effects were neglected. In this paper, we propose to extend the previous work in
an attempt to apply this ROM strategy to higher Mach number flows, where compressibility
effects at the outlet of the pulsed jets can no more be neglected, while improving the early
interaction of the pulsed jet with the surrounding flow by considering the starting jet influence
when the actuators are operated in a pulsed manner.
I. Nomenclature
.re f = reference quantity
.amb = ambient quantity
.∞ = free-stream quantity
ρ = fluid’s density
µ = kinematic viscosity
τ = characteristic time scale
Γ = preconditioning matrix
∆x = characteristic cell length scale
∆t = time step
∆τ = local pseudo-time step
σ = Von Neumann number
λmax = maximum eigenvalue
c = chord length
CFL = Courant number
Cp = pressure coefficient
da = differential surface area
E = fluid’s total energy
f req = membrane oscillation frequency
F = inviscid flux vector
G = viscous flux vector
H = fluid’s total enthalpy
M = fluid’s Mach number
p = fluid’s pressure
Q = primitive variables vector
R = Residual vector
Rec = Reynolds number based on the chord length
S = source terms vector
t f = simulation final physical time
T = fluid’s temperature
T = viscous stress tensor
u = velocity vector
Ujet,max = peak velocity at the outlet of the SJA orifice
V = control volume
Vroms = ROM control volume
W = conservative variables vector
II. Introduction
A. Context
The present study is carried in the framework of the European Clean Sky 2 Programme funded by the European
commission under the project X-Pulse (cleansky 2 / LPA / X-Pulse GA 738172). It aims at developing innovative active
flow control strategies, based on high frequency (few kilohertz) synthetic Zero-Net Mass-Flux (ZNMF) pulsed jets.
The focus of this study is to define an active multi-parametric flow control strategy of massively separated flows on
complex geometries for high Reynolds number flows, of the order of a few millions, when the implementation of a
large number of Zero-Net-Mass-Flux (ZNMF) synthetic jets is considered. This definition relies on the optimization of
several operating parameters such as position, spatial distribution, jet momentum, frequency, orientation relative to the
airflow, orifice design, etc. of the series of actuators.
The commonly used ‘velocity inlet boundary conditions’ and ‘full synthetic jet actuator modeling’ approaches
require consequent and costly CAD and mesh refinement operations in the vicinity of the synthetic jet actuators. This
strongly impacts the global computational cost of the numerical predictions, in particular if the considered geometry is
complex, or when several synthetic jet actuators have to be implemented on the geometry and numerous flow control
parameters have to be optimized. An alternative method is proposed to model ZNMF synthetic jet actuators through the
implementation of volumetric reduced-order models of ZNMF synthetic jet actuators as additional source terms [1], in
the form of body forces on given local control volumes corresponding to the actual locations of the actuators. This
approach is promising as it allows to skip both CAD and re-meshing procedures unlike the commonly used ‘velocity
inlet boundaries’ or ‘full synthetic jet actuator modeling’ approaches. Practically, it consists in directly plugging the
volumetric source terms at appropriate locations, corresponding to the actual locations of the ZNMF pulsed-jet actuator
outlets. As a consequence, a considerable computational time is to be saved during an optimization process.
B. Objectives
In the previous study [1], a simplified ROM model was considered where a constant-in-space momentum quantity
was imposed in the ROM formulation and the compressible effects were neglected. The Mach number was expected to
be small enough and the influence of both the pressure field and the energy on the definition of the volumetric source
terms could thus be considered as negligible.
In an attempt to apply this ROM strategy to higher Mach number flows, while improving the early interaction of the
pulsed jet with the surrounding flow, it is proposed to extend the previous work through
• the incorporation of compressible effects in the ROM formulation,
• the investigation of more realistic non-constant-in-space profiles in the ROM control volume to promote the vortex
structure formation at ROM control volume located at the SJA slot exit,
• the implementation and the validation of the completed ROM formulation for both steady and unsteady cases.
Validations are conducted using both steady (RANS) and unsteady (URANS) ‘Reynolds-averaged Navier–Stokes’
turbulence modeling approaches with commercial code Star-CCM+.
Firstly, we consider the validation of the completed compressible formulation for steady cases on a canonical
Mjet = 0.8 steady blowing jet in a cross-flow at Min f = 0.23. Secondly, we consider the validation of the completed
compressible formulation for unsteady cases based on the experimental investigation of an axisymmetric pulsed jet in
quiescent air provided by Krishnan and Mohseni [2].
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III. Methodology
The whole source term implementation strategy for the reduced-order modeling of the actuator relies on the use of
the sponge boundary conditions technique [3–5], such that the conservative flow variables are forced to converge to
given reference solutions through the addition of artificial volumetric source terms in the compressible Navier-Stokes
governing equations.
The two key-steps in the derivation of a robust volumetric ROM of ZNMF actuators are the following
1) the definition of the reference quantity to be set at the specified control volume in order to model the non-
represented ZNMF actuator,
2) the definition of the source term formulation in the compressible Navier-Stokes governing equations.
Here, we focus on the second key step. For the first one, the reference quantities to be imposed in the ROM
formulation are obtained by extracting the solution quantities from previously ran simulations including the simulation
of the full geometry of the synthetic jet actuator as it is operated following a pulsed way.
The RANS/URANS simulations are performed using the finite-volume code STAR-CCM+ with the coupled
density-based solver on hexahedral mesh. A third-order MUSCL spatial scheme and implicit second-order temporal
scheme are used for space discretization and time advancement, respectively. The k − ω SST-Menter turbulence model
is used to model the unresolved scales.
A. Governing equations
For a given control volume V with differential surface area da, the Navier-Stokes (NS) equations are the following
∂
∂t
∫
V
WdV +
∮
∇. [F −G] .da =
∫
V
SdV, (1)
W =

ρ
ρu
ρE
︸          ︷︷          ︸
Conservative variables
, F =

ρu
ρu
⊗
u + pI
ρvH
︸                       ︷︷                       ︸
Inviscid fluxes
, G =

0
T
T.u + Ûq
︸                ︷︷                ︸
Viscous fluxes
, S =
1
τ

ρre f − ρ
(ρu)re f − ρu
(ρE)re f − ρE
︸                           ︷︷                           ︸
Source terms
,
(2)
where ρ, u, p, H, E and T denote the fluid density, velocity, pressure, total enthalpy, total energy per unit mass, and
viscous stress tensor, respectively.
S represents the considered "sponge zone" volumetric source terms formulation as described in [3–5], where ρre f ,
(ρu)re f , and (ρE)re f are the quantities we want to impose at control volumes located at the SJA slot exit location. τ
represents a characteristic time scale. The reference quantities ρre f , (ρu)re f and (ρE)re f are provided by preliminary
simulations that include the full SJA. The source term formulation in Eq. (2) forces the solution to the user-specified
reference solution at each time step using the adequate characteristic time scale τ.
B. Implicit time integration and dual time-stepping
In order to improve the time accuracy of the unsteady governing equations Eq. (1), a preconditioning matrix is
introduced with a dual time-stepping approach to solve the unsteady flows, with inner iterations in pseudo-time as
follows
∂
∂t
∫
V
WdV + Γ ∂
∂τ
∫
V
QdV +
∮
∇. [F −G] .da =
∫
V
SdV,Q = [p, u,T]t , (3)
where Γ, τ and t denote the preconditioning matrix, the pseudo-time variable and the transposed vector exponent,
respectively (see [6]).
The additional second term introduces a local pseudo-time variation that is solved using the following second order
implicit time marching approach such that it tends to 0 when τ →∞. For the specific steady case, we only consider
the time marching of the pseudo-time differential Γ ∂∂τ
∫
V
QdV term neglecting the first physical-time differential term
which mathematically reads ∂∂t
∫
V
WdV → 0 in Eq. (1).
The time marching procedure is the following
Q0 = Qτ, (4)
3
[
Γ +
3
2
∆τ
∆t
∆W
∆Q
]
∆Q = −αi∆τ
R
i−1 +
1
2
(
3Wi−1 − 4Wt +Wt−∆t
)
+ S︸︷︷︸
constant in ∆τ
 , S =
Wre f −W0
∆τ
, (5)
where ∆Q = Qi −Q0 and Ri−1 = ∑ f aces (F(Qi−1) − G(Qi−1)) , and the characteristic time scale in Eq. (5) is set to the
local pseudo-time step ∆τ(x) defined by the CFL condition
∆τ(x) = min
(
CFL.V(x)
λmax(x) ,
σ∆x2
ν(x)
)
(6)
Here CFL, V(x), λmax(x), σ, ∆x and v(x) denote the dimensionless Courant number, the cell volume, the maximum
eigenvalue of the system, the Von Neumann number, a characteristic cell length scale and the kinematic viscosity,
respectively.
C. Numerical implementation
The following steps summarize the numerical procedure to implement volumetric source terms in order to model
ZNMF actuators:
1) Definition of the control volume Vroms(x) where the volumetric ROMs is applied to model ZNMF actuators: in
the present study, four to six layers of cells in the direction normal to the “effective” section of the SJA slot exit,
i.e. without considering potential recirculation zones which may appear at the periphery of the outlet due to
design effects (see Fig.1).
2) Definition of the reference quantities in the source term formulation (Eq. (2) and Eq. (5)) over the control volume
Vroms(x).
3) Application of the source terms to all cells within the control volume Vroms(x).
4) Application of pressure outlet boundary conditions at Vroms(x) boundary faces such that the velocity at the
boundary face is extrapolated from the interior domain using reconstruction gradients.
Fig. 1 Highlight of the control volume Vroms(x), depicted as a pink thick line in the figure, corresponding to a
layer of four cells in the normal direction at the SJA slot exit limited to the flow effective section
IV. Numerical tests
A. Steady case: Canonical steady blowing jet in a cross-flow
Problem description In this subsection, we consider the application of the ROM formulation to a steady case through
3D RANS simulations of a canonical steady blowing jet in a cross-flow.
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The free-stream Mach number is M∞ = 0.23, the thickness of the boundary layer is δ = 2mm and the associated
Reynolds number for ISA conditions is Reδ ≈ 10000. The steady blowing jet Mach number is set to Mjet = 0.8 and the
jet orifice exit diameter is d = 5mm.
The computational domain is composed of a computational box region of size (Lx, Ly, Lz) = (75d, 20d, 15d). The
region contains ≈ 40million polyhedral cells. The domain is coarsened above 20d downstream the jet orifice. Velocity
inlet BC, wall, pressure outlet and symmetry BCs are applied to both domain and jet inlets, bottom wall, outlet, top wall
and the sides, respectively. A sketch of the configuration and an overview of the mesh in the refinement area are shown
in Fig.2.
Results For a qualitative comparison of the flow features between the ‘velocity inlet’ and ‘ROM’ configurations, we
show in Fig.3, Fig.4 and Fig.5, Fig.6,Fig.7 the steady jet Q-criterion iso-surfaces and the contours of the vorticity in
normal planes to the cross-flow stream-wise direction located at distances ranging from 4d to 12d for both "velocity
inlet" (left) and "ROM" (right) modeling approaches after the convergence is reached, respectively. Good agreements
are found in terms of flow topology : synthetic-jet initial development and stream-wise evolution under the influence of
the outer flow. The synthetic jets and their induced vortices are well reproduced by the ROM approach in comparison
with the velocity inlet approach.
For a quantitative comparison of the flow features between the ‘velocity inlet’ and ‘ROM’ configurations, we plot
in Fig.8 vertical profiles of the stream-wise velocity at the symmetric mid-plane for various x/d locations ranging
from 4d to 8d for both ‘velocity inlet’ (left) and ‘ROM’ (right) modeling approaches after the convergence is reached,
respectively. We can see that the results are also quantitatively in good agreements and thus, we can conclude that the
‘ROM’ approach can accurately model steady blowing jets in replacement of the ‘velocity inlet’.
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Fig. 2 Two dimensional sketch of the 3D numerical setup and mesh overview at the refinement area.
Fig. 3 Iso-surface of Q-criterion colored by the normalized velocity vector U/U∞ and bottom wall colored by
the wall shear stress: (left) velocity inlet BC setup, (right) ROM setup. Cross-planes located from 1d to 12d
downstream the jet orifice exit with a 1d interval between two planes are displayed in grey.
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Fig. 4 Top view of the iso-surface of Q-criterion colored by the normalized velocity vector U/U∞ and bottom
wall colored by the wall shear stress: (left) velocity inlet BC setup, (right) ROM setup. Cross-planes located
from 1d to 12d downstream the jet orifice exit with a 1d interval between two planes are displayed in grey.
Fig. 5 Flow velocity vector glyphs and vorticity contours at the cross-plane located 4d downstream the SJA
orifice exit: (left) velocity inlet BC setup, (right) ROM setup.
Fig. 6 Flow velocity vector glyphs and vorticity contours at the cross-plane located 6d downstream the SJA
orifice exit: (left) velocity inlet BC setup, (right) ROM setup.
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Fig. 7 Flow velocity vector glyphs and vorticity contours at the cross-plane located 8d downstream the SJA
orifice exit: (left) velocity inlet BC setup, (right) ROM setup.
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Fig. 8 Comparison of vertical profiles of the stream-wise velocity at the symmetric mid-plane for various x/d
locations between the ‘velocity inlet’ model (lines) and the ‘ROM’ model (circles)
B. Unsteady case: Axi-symmetric synthetic jets in quiescent air
Problem description In this subsection, we consider the application of the ROM formulation to an unsteady case
through URANS simulations of the experimental study on axi-symmetric synthetic jets in quiescent air conducted by
Krishnan and Mohseni [2].
The experimental setup consists in a canonical cylindrical axi-symmetric actuator that generates pulsed jets emanating
from its circular orifice through the vibration of a membrane located at the base of the cylinder. A sketch of the setup
and the SJA’s parameters are shown in Fig.9.
Considering the axial symmetry of the problem, we used the StarCCM+ two-dimensional axi-symmetric solver. The
membrane motion is simulated by advanced StarCCM+ moving-mesh techniques. The membrane motion is defined as
follows:
y(r) = 1
2
[
1 − r
R2
+ 2
r2
R2
ln
( r
R
)]
, (7)
where r and R = D/2 represent the distance to the symmetry axis and the membrane radius, respectively.
The computational outer domain is composed of a box region of size (Lx, Ly) = (30d, 30d). The region contains
≈ 70, 000 hexahedral cells. An overview of the mesh is shown in Fig.10. In the right side of Fig.10, we highlight the
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control volume Vroms(x) corresponding to a layer of cells in the normal direction at the SJA slot exit where the data are
extracted from ‘SJA’ modeling simulation and applied later to the ‘ROM’ modeling simulation at the same location.
The simulations are run for fifteen periods of oscillation of the membrane, i.e. 15 pulsations of the jet. The first ten
periods are considered to evacuate the transient phenomena while the last five periods are considered to accumulate the
data and compute the time averages. Pressure outlet boundary conditions are applied to the outer domain boundaries.
Results Prior to both quantitative and qualitative analysis, we show in Fig.11 the time history of density, momentum
and energy volume average over the control volume Vroms(x) domains in order to ensure that the extracted reference
quantities over the control volume are well imposed through the ROM formulation. We clearly see that the data are well
correlated between the SJA and ROM approaches except a slight over-estimation of the momentum in the longitudinal
direction. The inefficient design of this benchmark actuator generates a re-circulation area in the side of the SJA outlet
from the inside of the the tube to the outer zones with enhance of that can be seen as a pre-mixing of the emanating jet
with the outer quiescent air. This pre-mixing is not present in the ROM case due to the absence of SJA the tube that is
not modeled. The flow efficient section is reduced in the ROM case compared to the SJA case which results in a greater
acceleration in the longitudinal direction for the ROM approach.
In Fig.12 and Fig.13, we show the contours of the radial momentum and vorticity for the ‘SJA’ model on the upper
side and the ‘ROM’ on the lower side, respectively. From a qualitative point of view the flow features between the
SJA and ROM configurations are in good agreement in terms of flow topology: synthetic-jet initial development and
stream-wise evolution under the influence of the outer flow. The synthetic jets and their induced vortices are well
reproduced and advected by the ROM approach in comparison with the SJA approach. However, as a direct consequence
of the previous observation we can observe that the vortices are advected more rapidly using the ‘ROM’ approach. With
regard to the analysis of average fields over time, Fig.14 still shows the trace of over-acceleration, which is manifested by
an overestimation of the average longitudinal velocity along the central axis.
d (mm) h (mm) D (mm)
1.5 0.5 24.8
H(mm) ∆ (µm) f (Hz) L/d
1.7 135 1600C 6.1
Fig. 9 Schematic of the actuator model, in which the volume of fluid displaced by the diaphragm is ejected
through the orifice in the form of a slug[2]
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Fig. 10 Overview of the mesh and highlight of the control volume Vroms(x) area where the ‘ROM’ formulation
is applied.
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Fig. 11 Time history of density, momentum and energy volume average over the control volume Vroms(x)
domains.
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Fig. 12 Contours of the radial momentum. The upper and lower sides represent the ‘SJA’ and ‘ROM’ models,
respectively.
Fig. 13 Contours of the vorticity. The upper and lower sides represent the ‘SJA’ and ‘ROM’ models, respec-
tively.
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Fig. 14 Plot of the time-averaged longitudinal velocity along the center-line.w
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V. Conclusion
In this paper,we have presented an extension of the volumetric Reduced Order Models of ZNMF actuator in
replacement of the more standard approaches based on the modeling of the full SJA cavity or the application of velocity
inlet boundary conditions at the exit orifice of Zero-Net-Mass-Flux, Synthetic Jet Actuators.
The validation of the ROMs is performed on both steady and unsteady test cases and at both low and high Mach
numbers. Each time, the ROM solution has been compared to one of the state-of-art used approaches, that is to say:
velocity inlet boundary conditions or full SJA modeling.
Qualitatively, good agreement is found in terms of flow topology and synthetic jet development and further advection
by the external flow and very accurate results were observed for the steady blowing jet case at high Mach number.
However, an over-prediction of the longitudinal momentum of the emanating jet, resulting in a faster advection of the jet
in the longitudinal direction can still be observed.
The proposed ROM approach proved to be relevant for optimized actuator geometries but still requires to be adapted
when considering on-optimized actuators. Future works will be conducted in the analysis of the flow around the jet
outlet, and of cross-flow jet interactions in order to define generic reference quantities according to the nature of the
flow. It will allow us to avoid launching a first full SJA simulation to extract the reference quantities.
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